Form factors of composite operators in the SL(2) sector of N = 4 SYM theory are studied up to two loops via the on-shell unitarity method. The non-compactness of this subsector implies the novel feature and technical challenge of an unlimited number of loop momenta in the integrand's numerator. At one loop, we derive the full minimal form factor to all orders in the dimensional regularisation parameter. At two loops, we construct the complete integrand for composite operators with an arbitrary number of covariant derivatives, and we obtain the remainder functions as well as the dilatation operator for composite operators with up to three covariant derivatives. The remainder functions reveal curious patterns suggesting a hidden maximal uniform transcendentality for the full form factor. Finally, we speculate about an extension of these patterns to QCD.
Introduction and summary
Recent years have seen increasing interest in the study of form factors. In particular, N = 4 super Yang-Mills (SYM) theory in four spacetime dimensions furnishes a rich setting for studying their properties. Form factors in N = 4 SYM theory were initially investigated in 1985 [1] . Only recently, this subject was reconsidered, first at strong coupling [2, 3] and then at weak coupling [4, 5] , and has subsequently aroused a lot more attention . For recent reviews, see also the theses [37, 38] .
An n-point form factor describes the interaction of n on-shell particles with momenta p i (p 2 i = 0) and a gauge-invariant local composite operator O(x). Translated into momentum space, it takes the form 1) where in this paper all form factors are considered to be colour-ordered super form factors and q is off-shell (q 2 = 0). The motivation for studying form factors is multifold. Firstly, given the tremendous progress on on-shell techniques for scattering amplitudes (see e.g. [39] [40] [41] ), it is desirable to transfer these powerful methods to the computation of more general quantities. Form factors combine external on-shell and off-shell objects and are thus ideally suited for this purpose. Showing a rich structure, they also provide new testing grounds for the further development of on-shell techniques. Secondly, forming a bridge between on-shell and off-shell observables, the study of form factors should yield novel insights into the hidden symmetries of the underlying theory. Moreover, we should emphasise that form factors are interesting in their own right. Sudakov form factors, for instance, have played a key role in the understanding of infrared singularities in gauge theories [42] [43] [44] [45] . Furthermore, they are closely related to Higgs production via gluon fusion as well as to Drell-Yan production in the standard model [46, 47] . The study of form factors of non-protected operators, as well as their connection to the spectral problem of planar N = 4 SYM theory, was recently pushed forward in [19-21, 28, 32, 36] . In particular, the form factor remainder was made a central concept and it was shown how to extract the dilatation operator from form factor data. While previous studies mostly focused on individual operators or compact sectors, in this paper we consider operators in the non-compact SL(2) sector. The crucial new feature of non-compactness brings technical challenges and reveals novel properties.
Operators in the SL(2) sector of N = 4 SYM theory involve a single type of complex scalar X and an arbitrary number of insertions of covariant derivatives D µ projected onto a lightlike vector τ µ :
2)
The length of the operator, i.e. the number of scalars X, is denoted by L. The configuration of a certain state is thus completely specified by the vector n = (n 1 , . . . , n L ) , (1.3) which is identified with its images under cyclic permutations. We refer to the total number of covariant derivatives, M = L j=1 n j , as the total spin or the total magnon number. 1 In what follows, we will also speak of form factors in the SL(2) sector, meaning form factors with a composite operator from the above SL(2) sector. Throughout this paper, we will mostly focus on minimal form factors, i.e. on the case where we have as many external fields n as fields in the operator L. 2 Moreover, we will restrict ourselves to the planar limit; the employed methods are also applicable for finite N though.
At the technical level, the unlimited number of covariant derivatives in the SL(2) sector implies that the form factor integrand at fixed loop order involves arbitrarily high powers of loop momenta in the numerator. This is a completely new feature as compared to amplitude computations or to the previous studies of form factors with operators in compact sectors. As demonstrated in this paper, on-shell methods can still be efficiently applied in this case.
At one-loop order, we derive the full integrated form factor for all composite operators in the SL(2) sector. At two loops, we obtain the full integrand for an arbitrary magnon number using the unitarity method [49] [50] [51] . Solving the resulting integrals via traditional methods becomes more and more challenging for increasing magnon number. In this paper, we present the complete integrated result up to total spin three. We leave the solution for an arbitrary magnon number for future work. Besides universal IR divergences, the form factors contain UV divergences which allow us to extract the dilatation operator of the theory; our results (up to three magnons) match perfectly with the previously obtained data for the dilatation operator given in [52] [53] [54] . Despite the relatively small magnon numbers, we find very interesting patterns for the two-loop remainder function as well as for the finite terms at one-loop order. These observations indicate that form factors in N = 4 SYM theory have 'hidden' uniform maximal transcendentality for any operator, as will now be explained.
The first pattern to be noted is that the remainder function contains a universal piece of maximal transcendentality four, which is identical to the BPS result [17] . This was first observed in the compact SU(2) sector and conjectured to be a generic feature of the theory in [21] . So far, further support for this conjecture was already found in the SU(2|3) sector studied in [28] . In the SL(2) sector, also lower transcendental functions occur for remainders of non-protected operators, i.e. combinations of polylogarithms and constants such as ζ 3 and π 2 , whose total degree does not add up to four. While this is expected from the SU(2) and SU(2|3) sectors [21, 28] , a curious observation of the present paper is that the functions of lower transcendentality come with coefficients composed of (generalised) harmonic numbers or factors of
, where m i , n i are magnon numbers as in (1.3) . In particular, if also the latter are assigned an appropriate degree, the two-loop remainder is of uniform transcendentality four; similar structures can be seen in the one-loop form factor results. We refer to this assignment as hidden transcendentality. 3 In order to illustrate the above idea, let us give the following list of exemplary expressions with a (formal) degree of transcendentality k:
Here, u i and v i represent kinematical variables, m i , n i are magnon numbers as in (1.3) , and the dimensional regularisation parameter ε is assigned a transcendentality degree −1, as normally done in the literature. The property of hidden uniform transcendentality can already be observed for the explicit expression for the two-loop dilatation operator given in [53] . The main observation made here is that this property appears to hold for the full form factor including functions with kinematical dependence, such as the remainder function. Note that in the case of the latter, we allow for generalisations of harmonic numbers or inverse powers of magnon numbers by inclusion of kinematical variables, such
in the list above. A more detailed explanation as well as explicit examples will be given in section 4.3. The above leads us to the following conjecture: The full form factor for any given operator in N = 4 SYM theory has hidden uniform transcendentality.
Note that, in sectors beyond SL(2), the notion of magnon number might need to be suitably generalised, e.g. to the total number of excitations in the spin-chain picture for composite operators. Further note that the property conjectured above is not visible from the study of operators in compact subsectors as performed in [20, 21, 28] , unless they are embedded into a larger non-compact sector (i.e. through inclusion of an arbitrary number of covariant derivatives).
Further backing for the above conjecture comes from the relation between SL(2) operators and lightlike Wilson loops. It is known that twist-two operators (i.e. length-two operators in the SL(2) sector) in the large spin limit are related to lightlike cusped Wilson loops [59, 60] , which have uniform transcendentality [61] . This is related to the fact that harmonic numbers S (l) m become transcendental numbers of degree l for m → ∞. Similarly, the generalisations of harmonic numbers become (poly)logarithms; e.g.
) for m → ∞. Generic SL(2) operators are related to multi-edge lightlike Wilson loops. Since lightlike Wilson loops, which are dual to amplitudes, have uniform transcendentality in N = 4 SYM theory [62] [63] [64] [65] , this provides more support for our conjecture.
While the theory underlying the considerations of this paper is N = 4 SYM theory, we expect that the above insights may also teach us interesting lessons about similar calculations in QCD. In particular, one may wonder whether the maximal transcendentality principle [55, 66] extends to the notion of hidden transcendentality indicated above, see also [10] . We will further discuss this point in the outlook in section 5.
The paper is organised as follows. In section 2, we give the tree-level form factors needed for the unitarity computations. Then, the full one-loop minimal form factor is obtained in section 3 and the one-loop dilatation operator and finite terms are extracted. In section 4, we construct the complete two-loop integrand and obtain the two-loop dilatation operator and the remainder functions for operators up to total magnon number three. We moreover discuss the interesting pattern and transcendentality property for the remainder functions. A conclusion and outlook is given in section 5. In appendix A, we give technical details on evaluating the one-loop form factor integrals. The complete remainder functions up to total magnon number three are given in terms of their densities in appendix B.
Tree level
In this section, we provide the tree-level form factors in the SL(2) sector which occur in the unitarity cuts in the subsequent sections.
Minimal form factors. Within the SL(2) sector, a minimal form factor for a singletrace operator of length L contains L external on-shell scalar states. While the state can be conveniently expressed in terms of oscillators acting on a (spin chain) vacuum [67] , the minimal form factor is simply obtained by replacing these oscillators by spinor helicity variables (λ,λ) and the SU(4) Graßmann spinors η A [19] , see also [68, 69] . For the SL(2) sector, each scalar X = φ 34 at position i contributes a factor η 3 i η 4 i and each covariant derivative D + contributes a factor p
For explicitness, but without loss of generality, we choose τ µ = (σ µ ) 11 , such that D + = D 11 and p + = p 11 = λ 1λ1 , when required. The minimal form factor can thus be written as
where the sum over k is due to the cyclicity of the colour-ordered form factor, which in the minimal case is essentially given by the manifestly cyclically invariant vertex of the operator. Having fixed the type of scalar X, a given operator or minimal form factor, respectively, is hence characterised by the derivative configuration n = (n 1 , . . . , n L ).
Next-to-minimal form factors. As important building blocks for the two-loop computation via unitarity, we will also need the next-to-minimal tree-level form factors, which have L + 1 external states. These can be easily computed via Feynman diagrams. The results coincide with the corresponding tree-level expressions for general operators obtained via the twistor action in [26] . At MHV level, there are two different configurations of external states to be considered for the next-to-minimal form factors. The first configuration consists of L−1 scalar external states and two fermionic external states. The corresponding next-to-minimal form factors can be obtained from the minimal form factors by replacing
in the external states of the minimal form factor (2.1) for each i = 1, . . . , L according to
where we also have to relabel p
. . , L and include the momentum p L+1 in the momentum-conserving delta function.
The second configuration consists of L scalar external states and one positive-helicity gluon external states. For this configuration, two qualitatively different cases occur, which are distinguished via the SU(2) indices, i.e. the indicesα ofλ. In the first case, all SU(2) indices remain on the scalars. This process can only be attributed to a pair of neighbouring scalars, not to a single scalar, as gauge invariance is achieved by summing two Feynman diagrams: one with the left scalar emitting the gluon to the right and the other with the right scalar emitting the gluon to the left such that the gluon appears between the two scalars in the colour-ordered expression. We can obtain the contribution of this case from the minimal form factors (2.1) by replacing
4 Note that we are suppressing a factor of the imaginary unit i from the (covariant) derivative.
. . , L and include the momentum p L+1 in the momentum-conserving delta function. In the second case, at least one SU (2) index from scalar i lands on the gluon. Two Feynman diagrams contribute to this case: the emission of a gluon by scalar i, and the insertion of a polarisation vector into the gaugefield part of the covariant derivative acting on this scalar. Their sum is gauge invariant, and, as they are only involving the scalar i, we can write this contribution by replacing
where we again relabel p
We acquire the next-to-minimal MHV form factor by applying the replacements rules (2.2)-(2.4) to all fields in the operator and summing the resulting expressions. The nextto-minimal NMHV form factor can be obtained from its MHV counterpart via conjugation, as described in [20] in our conventions.
One loop
In this section, we calculate the one-loop correction to the minimal form factors in the SL(2) sector and extract from them the one-loop dilatation operator and the finite part.
Unitarity construction
Let us write the loop expansion of the minimal form factor in the following form:
where
is the effective planar coupling constant. For operators such as BPS operators or the Konishi primary, which are eigenstates under renormalisation, I (ℓ) is simply the ratio of the ℓ-loop and tree-level form factor. However, this is not true in general due to operator mixing. In particular, the loop corrections to vanishing tree-level form factors can be non-vanishing. It is therefore important to promote I (ℓ) to an operator that acts on the tree-level form factor F
O and can create different tree-level form factors from it. Examples in the SU(2) sector and for general operators can be found in [21] and [19] , respectively.
In the planar limit, connected ℓ-loop interactions can maximally involve ℓ + 1 neighbouring fields in the colour-ordered form factor at a time. Hence, I (ℓ) can be written as
The double cut of one-loop form factor in the s 12 -channel.
a sum over connected interaction densities each of which involves ℓ + 1 adjacent external legs plus disconnected products of lower-loop interaction densities. At one-loop order, the maximal interaction range is two, and we can write 5
where I
(1) i i+1 acts on the external fields i and i + 1 and cyclic identification i + L ∼ i is understood. I (1) i i+1 can be given in an operatorial form as
n 1 ,n 2 is the matrix element of the interaction density that corresponds to changing the derivative configuration at momenta p i , p i+1 in the tree-level form factor (2.1) from n 1 , n 2 to m 1 , m 2 , respectively. 6 Here, ( 5) where the action is understood to be on the polynomial in p + i , not on the momentumconserving delta function.
One-loop interaction. The loop correction (I (1) i ) m 1 ,m 2 n 1 ,n 2 can be computed using the unitarity method. We will be comparatively brief here; see e.g. [19] [20] [21] 37] for details of similar calculations and [21] for details on our conventions. As only interactions between two adjacent fields occur at one-loop order in the planar theory, it is enough to consider the double cut shown in Fig. 1 . The cut integrand takes the form
where the minimal tree-level form factor is given in (2.1) and the four-point amplitude is given by the standard MHV expression. The two-particle phase-space measure is denoted by dLIPS.
The full integrand can be obtained from the cut integrand by adding the cut propagators and taking the cut momenta l 1,2 to be off-shell. Explicitly, the square bracket part on the right hand side of (3.6), now written for general i, lifts to the one-loop integral as
where l 2 = p i + p i+1 − l 1 . The 't Hooft mass is denoted by µ, the spacetime dimension is D = 4 − 2ε and γ E is the Euler-Mascheroni constant. This expression agrees with the one already found in [19] . For given small magnon numbers n 1 and n 2 , it is straightforward to perform standard Passarino-Veltmann (PV) reduction [70] and integration-by-parts (IBP) reduction [71, 72] , which reduces the integral to the scalar bubble integral (A.10). The integral (3.7) evaluates to a polynomial in terms of the lightcone components of the two external momenta as
As shown in appendix A, the coefficients in the above expression can even be evaluated to a closed form in the generic case:
, (3.9) where the diagram denotes the standard scalar bubble integral given in (A.10). We have checked in numerous special cases that the general result agrees with the one obtained using PV and IBP reduction.
The result (3.9) contains the full ε-expansion, which, for example, also includes the rational contribution. 7 This will be important for computing the two-loop dilatation operator and remainder function.
Dilatation operator
The anomalous dilatation operator is defined via the renormalisation factor Z according to
Expanding in powers of the coupling constant, we have
At one-loop order, the renormalised interaction (indicated by the underscore),
is UV finite by definition of the renormalisation matrix Z (1) . As I (1) , we can expand Z (1) in terms of densities as
where we expand Z
i i+1 in terms of its matrix elements in complete analogy to (3.4):
(3.14)
By definition, Z
i i+1 has to cancel the UV divergence of I i i+1 . In terms of matrix elements, this reads
where we have written the UV divergence as the total divergence minus the IR divergence. The former is then given as the remaining 1 ε -pole, which we extract as indicated by the vertical bar. The IR divergent part is universal and given by (see e.g. [19] )
16) where the scalar triangle integral is given in (A.12).
From equation (3.10), we can read off the one-loop dilatation operator as
where we have expanded the one-loop dilatation operator in terms of densities and matrix elements in complete analogy to (3.13) and (3.14), respectively. We have checked in explicit cases that the result from the above expression agrees with the well-known expression for the one-loop dilatation operator [67] :
Here, we employ the harmonic numbers defined by
as well as the Heaviside function
see also [53] for the notation used here.
Finite terms
We would like to better understand the structure of the complete one-loop form factor obtained above. After extracting the dilatation operator as the 1/ε-pole of the interaction symbol I, let us now study the finite part of the form factor in the ε-expansion. We define the non-trivial finite part as the O(ε 0 ) contributions in the ε-expansion of (3.9) after the UV and IR divergences are subtracted using (3.15) and (3.16):
This yields in the special case n 2 = 0 8
The general case can be obtained from this special case via the following symmetry relation for I
(1) i i+1 :
, (3.23) which is a direct consequence of momentum conservation and leads to an identical equation for the finite part. As a result, we find
We can see that the finite terms in (3.22) and (3.24) have a simple structure similar to the one of the dilatation operator in (3.18) . In particular, they have uniform maximal transcendentality two if the harmonic numbers and inverse powers of differences of magnon numbers are attributed a degree of transcendentality according to the rules S (l) → l, 1 m j −n j → 1. As we will see in the next section, the two-loop results show a similar pattern.
Two loops
In this section, we continue the study of SL(2) form factors at two loops. We will see that the unitarity method allows us to obtain the full integrand. We solve for the explicit dilatation operator and the remainder functions up to spin three. The two-loop dilatation operator and remainders show interesting patterns and suggest a hidden uniform maximal transcendentality property.
Unitarity construction
We first compute the two-loop integrand via the unitarity method. At two-loop order, connected interactions involve at most three fields of the composite operator, which are adjacent at the planar level. The two-loop corrections can be expressed as
i i+1 and I
i i+1 i+2 denote connected interactions of range two and three, respectively. We expand the interaction densities in terms of matrix elements as
3)
The one-loop correction (I
i ) m 1 ,m 2 n 1 ,n 2 has been given in the previous section. We apply the same unitarity technique to compute (I
n 1 ,n 2 ,n 3 ; the corresponding non-trivial double and triple cuts are shown in Fig. 2 . In the following, we briefly outline the major steps and present the full integrand. More technical details on this kind of calculation may be found in [21] . Double cuts. The simplest cuts are the two-particle cuts in the two-particle channels, with the one-loop amplitude or form factor on one side of the cut. They are shown in Fig. 2a and 2b , respectively. From them, we can fix the integrand contributions from the following topologies as 
where n 1 , n 2 , n 3 are the numbers of derivatives occurring in the corresponding minimal treelevel form factor and thus in the integrand. Moreover, we have abbreviated
i,B as well as I
i,C . Note that these contributions can be equally obtained via consecutive double cuts.
Triple cut in the three-particle channel. Next, we perform the triple cut in the three-particle channel as shown in Fig. 2c . Both (4.5) and (4.6) contribute to this cut. The new contribution determined by this cut is
Triple cut in the two-particle channel. The most complicated cut is the triple cut in the two-particle channel as shown in Fig. 2d . All previous integrands contribute to this cut. The new integrand contributions are
as well as
Here, we have
i,E and
i,F as well as I (2) i,G .
We see that the structures of the loop momenta in the integrand are directly inherited from the corresponding structures in the tree-level form factors (2.1)-(2.3).
Result. Given the above building blocks, the interaction densities can be defined as They can be expanded in terms of matrix elements as 12) where m 1 + m 2 = n 1 + n 2 and m 1 + m 2 + m 3 = n 1 + n 2 + n 3 , respectively. Let us explain the special combination of building blocks in (4.11). We should first note that there is an ambiguity in grouping and distributing the terms with integrals involving only two external momenta. In (4.11), a choice is made such that the terms in I 2) , it ensures the finiteness of the remainder density obtained from the corresponding interaction densities. We will come back to this point in subsection 4.3, see the discussion after (4.25).
As in the one-loop case, the integrands (4.4)-(4.10) contain uncontracted loop momenta. Using PV reduction, they can be expressed in terms of Lorentz scalar integrands, which contain loop momenta in the numerator only in the form of irreducible scalar products. The resulting integrals can be reduced to master integrals via IBP identities, using e.g. LiteRed [73] . The required master integrals are all known analytically and can be found in [74] . This procedure can be efficiently applied for small numbers of magnons; we have computed explicit results for all cases up to a total magnon number three, i.e.
i n i ≤ 3. While in principle applicable to higher numbers of magnons, the computation time for the employed method significantly increases from four magnons on.
Dilatation operator
The two-loop renormalised form factor is given by 13) where the two-loop renormalisation constant has to cancel the UV divergence and is given as
14)
The first term inside the summation above is due to the connected interactions, while the last term accounts for all disconnected products of one-loop interactions in (4.1). Unlike in the one-loop case where the IR and UV divergences can be easily separated, at two-loop order the IR and UV divergences are entangled with each other. We can subtract the (universal) IR divergences via the BDS ansatz [75, 76] , as explained in detail in the next subsection. The two-loop renormalisation constant density Z
i i+1 i+2 can be obtained by imposing the BDS remainder density R (2) i i+1 i+2 defined in (4.25) to be finite.
In terms of the renormalisation matrix Z, the form of the two-loop dilatation operator follows from the definition (3.10):
It can be expanded in terms of densities as
As usual, the densities are expressed via matrix elements in complete analogy to (4.3). Via the above relations, we may extract the matrix elements of the two-loop dilatation operator in analogy to the one-loop case. Note that the square in (4.15) has to be evaluated as a square of matrices. As an example, consider the following matrix element of the dilatation operator density, which is given in terms of the (non-vanishing) matrix elements of Z (1) and Z (2) as: 17) where the boldface number indicates the magnon number at the single internal leg. The matrix product will also be used later in the definition of the remainder function, see (4.25) for a pictorial representation. Instead of giving explicit results for all matrix elements up to three magnons, we may compare the obtained expressions to the previous literature, where the two-loop dilatation operator in the SL(2) sector can be found in closed form.
Comparison with Feynman calculation. Notably, the full two-loop dilatation operator in the SL(2) sector of N = 4 SYM theory has been obtained by Belitsky, Korchemsky and Mueller in [53] . The named authors provide an explicit expression in closed and relatively compact form. Our computation of the two-loop dilatation operator for states of up to three magnons shows perfect agreement with that operator if we evaluate both expressions on composite operators. For convenience, we display the respective expression in the following. 9 In contrast to our expansion (4.16), the authors of [53] write the two-loop dilatation operator in terms of a range-two density and a range-three density: 10
9 Note that the expression printed here differs from the expression given in [53] by a conventional overall factor of −2 and by some conventional factorials of magnon numbers; we make these factorials explicit in the definitions of the matrix elements, which are defined in complete analogy to (4.2) and (4.3). We also insert the correct factor of 2 in front of S (1)
n 1 in (4.19) compared to the expression given in the appendix of [53] . We thank Grisha Korchemsky for communication and sharing related computer algebra files with us.
10 Note that one may include the range-two densityD (2) i i+1 into the definition of the range-three densitỹ D (2) i i+1 i+2 by formally adding identity legs toD (2) i i+1 .
The range-two density reads 19) and the range-three density reads (for n 2 = 0) 20) as well as (for n 2 = 0)
i )
where j = j 1 + j 3 and ℓ = j + k 1 + k 3 . Note that the match with the two-loop dilatation operator of [53] is only at the level of the composite operators, i.e. after we sum over all matrix elements of the dilatation operator density that occur for a given (cyclically symmetric) single-trace operator. The matrix elements of the dilatation operator density do not directly match with the expressions of [53] , which is of course also not required. To make this clear, we have marked the matrix elements of [53] with tildes. We notice that the matrix elements (4.19) and (4.20) of the two-loop dilatation operator are of uniform transcendentality three if we formally assign the transcendentality k to the harmonic number S (k) and the transcendentality one to the fraction 1 m j −n j for j = 1, 2, 3. With the same assignment, the matrix elements (3.18) of the one-loop dilatation operator are formally of uniform transcendentality one. Let us refer to this property as hidden uniform transcendentality. Note that the assignment of transcendentality to harmonic numbers is standard in the context of anomalous dimensions, see e.g. [55] . An assignment of transcendentality to similar fractions also occurred in other contexts in the literature [56] [57] [58] .
Comparison with algebraic construction. In [54] , Zwiebel introduced an algebraic construction that allows to recursively compute the two-loop dilatation operator within the SL(2) sector. We have implemented this loop-recursion and we compared the spectrum of the resulting operator to the above findings for the M = 1, 2, 3 excitation sectors. In all cases, we found perfect agreement. The operatorial form of the two-loop dilatation operator obtained by the above recursion is rather lengthy and we thus refrain from displaying it here. We note, however, that the recursion in [54] actually applies to the larger PSU(1, 1|2) sector of N = 4 SYM theory, which makes it interesting for future extensions of our work.
Another advantage of this algebraic method is that it allows to construct a dilatation operator that is manifestly hermitian. 11 
Remainders
The (two-loop) BDS remainder [75, 76] in the refined case of renormalised form factors [21] takes the form
Similar to the example discussed in (4.17), the product of the one-loop density with itself has to be understood as a matrix product. For the two-loop remainder 24) this is captured by the following pictorial expression
The remainder density R (2) i i+1 i+2 is expressed in terms of its matrix elements (R i i+1 i+2 from the requirement that the remainder density R (2) i i+1 i+2 is finite. This is possible only if momentum-dependent 1 ε -poles are absent in R (2) i i+1 i+2 before adding Z (2) i i+1 i+2 , for which it is crucial to have the correct assignment (4.11) of range and to average the range-two densities as in (4.25) .
We have obtained explicit expressions of the remainder function (4.25) for all configurations up to magnon number three, i.e. (R
with n 1 +n 2 +n 3 = m 1 +m 2 +m 3 ≤ 3. The densities can be written as linear combinations of 14 functions, which are partially related by relabelling the kinematical variables. The latter also enter in the form of
Concretely, we can write
where [( c i )
n 1 ,n 2 ,n 3 ] k are rational functions of u i , v i , w i and
µ 2 ), log (
(4.29) In the vector V i , the components are ordered according to their (decreasing) degree of transcendentality. The first component of V i has transcendentality four and is given by 12
It is the density of the BPS remainder first obtained in [17] . Moreover,
12 Apart from classical polylogarithms, this expression contains the Goncharov polylogarithm
is the (up to relabelling) unique transcendentality-three contribution that occurs for remainders in the SU(2) sector built from the complex scalars X and Y [21] . Here and below, | deg-k denotes the projection to the part of transcendentality degree k. Note that at transcendentality two, besides the (up to relabelling) two functions encountered in the SU (2) sector 32) only (up to relabelling) one further transcendentality-two function is required to express the transcendentality-two part of the remainder in the SL(2) sector. A similar relation holds for the functions at transcendentality one. Hence, compared to the SU(2) sector, an extended basis of functions with coefficients that contain ratios of Mandelstam variables is required. This goes also beyond the SU(2|3) case, where in addition to the remainder densities in the SU (2) sector with rational coefficients only the constants π 2 and ζ 3 were encountered in [28] . The additional functions are still rather simple though. One trivial symmetry of the remainder density is what is commonly called parity:
which is a simple relabelling. 13 This symmetry is already visible at the level of the integrand of the two-loop interaction density. Moreover, as a consequence of momentum conservation, the two-loop remainder obeys a relation analogous to (3.23) at one loop. It reads
(4.34)
Using this identity, we can reconstruct (R
from the knowledge of (R
in complete analogy to (4.21):
where j = j 1 + j 3 and ℓ = j + k 1 + k 3 . Thus, it is sufficient to look at (R
with n 1 ≥ n 3 , and m 1 > m 3 if n 1 = n 3 . The corresponding coefficients ( c i )
Inspecting the explicit expressions in the appendix, we observe several interesting patterns. Firstly, the highest transcendental part is universal: 36) 13 Notice that the entries of Vi organise into singlets and doublets under parity.
which is to say
This property was already observed in [21] for the SU(2) sector and conjectured to extend to all operators. Secondly, also the coefficients of the transcendentality-three functions
follow some interesting patterns. We analyse the following expressions as examples below
Similar patterns are encountered also in the coefficients of the transcendentality-two functions; e.g.
We see that the coefficients of transcendental functions contain harmonic numbers and factors 1 m , where
for some j. These are precisely the building blocks occurring in the one-and two-loop dilatation operator (3.18), (4.19) and (4.20) and the one-loop finite terms (3.22) . Moreover, we have generalisations of harmonic numbers which include ratios of Mandelstam variables:
m . The given matrix elements of the remainder function density have a formal transcendentality degree four if we attribute a degree to the above coefficients according to the following rules:
This generalises the property of hidden maximal transcendentality observed for the twoloop dilatation operator in the previous section to the case of functions of (ratios of) Mandelstam variables. In the limit of large spin, we have
i.e. the result is of uniform maximal transcendentality in the usual sense. It would be very interesting to understand the full pattern of the remainders, in particular to obtain a closed expression in analogy to (4.19)-(4.21) for the dilatation operator. In order to guess such an expression, we would need more data for higher numbers of magnons. We leave this point for future work.
Conclusion and outlook
In this paper, we have computed the minimal form factors of composite operators in the SL(2) sector of N = 4 SYM theory up to two-loop order. In particular, we have determined their finite remainders as well as the dilatation operator. The employed on-shell unitarity methods have once more proven to be an efficient tool in this context. Let us summarise the main results in some more detail:
• At one-loop order, we have calculated the full minimal form factor to all orders in the dimensional regularisation parameter. Extracting the one-loop dilatation operator from this data, we found perfect agreement with the existing literature. Moreover, we have extracted the previously unknown finite terms.
• At two loops, we have determined the two-loop integrand for states with an arbitrary number of magnons and the complete form factor remainder and dilatation operator for states with up to three magnons, i.e. with up to three derivative insertions into the composite operator. Also here, the obtained dilatation operator matches with the closed expression that was determined previously.
• While the remainders contain functions of lower transcendentality, we have observed that their coefficients follow some interesting patterns. These support the conjecture of a hidden uniform maximal transcendentality property, cf. section 1.
In order to confirm the above conjecture, the next logical step is to consider further examples of two-loop form factors. In particular, an important goal is to extend the above results to all composite operators in the SL(2) sector, i.e. to composite operators with more than three magnons. This requires a more efficient approach to the PV and IBP reduction of the general integrals (4.4)-(4.10). Although it would be desirable to solve the integrals for arbitrary magnon numbers, this is not strictly necessary. As the hidden uniform maximal transcendentality property conjectured above significantly constrains the dependence on the magnon numbers, we can fix the coefficients of an appropriate ansatz from explicit results with sufficiently high but finite magnon numbers. In order to better understand the transcendentality patterns, it may then be useful to consider the inverse Mellin transform of the remainder results. 14 It would also be interesting to consider larger subsectors closed under renormalisation, such as the PSU (1,1|2) sector. The two-loop dilatation operator in this subsector can be computed via the iterative construction given in [54] , which should provide a useful guideline. Finally, it would of course be very interesting to calculate the two-loop form factor remainder and the two-loop dilatation operator in the full theory, which is currently unknown. We believe that the study of SL(2) form factors, with their new feature of non-compactness, provides an essential step in this direction.
While N = 4 SYM theory is interesting in its own right, methods developed in the context of this model have often lead to broad applications, such as in QCD or pure YangMills theory. Apart from this, results from N = 4 SYM theory are also useful building blocks in QCD. Notably, based on the so-called maximal transcendentality principle [55] , the three-loop universal anomalous dimension was initially extracted [66] as the leading transcendentality contribution of the three-loop non-singlet splitting functions of QCD [79] . 15 Further evidence comes from the study of the three-point two-loop form factors of the stress-tensor supermultiplet in N = 4 SYM theory [10] , where it was found that the two-loop remainder of N = 4 SYM theory matches exactly the leading transcendental part of the two-loop Higgs-to-three-gluon amplitude in QCD [82] . This generalises the maximal transcendentality principle from pure numbers to functions depending on the kinematics; see also [83] .
Given these observations, it is plausible that the contribution to the QCD form factor remainder with the leading hidden transcendentality should coincide with the corresponding form factor remainder in N = 4 SYM theory. Again, the word 'hidden' refers to the fact that besides harmonic numbers also factors such as
should formally be attributed a degree of transcendentality. A possible starting point to check this conjecture would be a comparison between the two-loop dilatation operator of N = 4 SYM theory and QCD, see e.g. the recent work [84] . In [53] , it was shown that the two-loop dilatation operator in the (scalar) SL(2) sector of N = 2 SYM theory is indeed given by the expression in N = 4 SYM theory plus terms of lower transcendentality, which at least points into this direction. It would also be interesting to study the remainder functions of form factors in QCD with regard to this point.
A Explicit one-loop integral
In this appendix, we evaluate the one-loop integral (3.7) and show how to obtain the explicit result (3.9).
The integral (3.7), shown here for i = 1 for simplicity, can be regarded as a certain component of the tensor integral
Here,
, and the parentheses around the Lorentz indices indicate traceless symmetrisation w.r.t. the enclosed indices. The traceless symmetrised product built from a single momentum was given in [85] as
where S n denotes the group of permutations of n elements and η µν is the metric of Ddimensional Minkowski space in the mostly-minus convention. The above expression is identical to the ordinary product if the momentum l is on-shell. Using the above result, an expression for the numerator of the integral in (A.1) can be found:
(A.3) If the momenta l 1 and l 2 are on-shell, the traceless symmetric products on the r.h.s. become ordinary products. It is easy to see that in this case the contraction of two of these tensor products with rank m + n yields zero unless the two tensor products are related by exchanging m and n. This applies to the tensors in the decomposition in (A.1), and it allows us to project out the coefficients (I , where k + l = m + n:
(A.5) Here, q = p 1 + p 2 with q 2 = s 12 < 0 denotes an off-shell momentum which should not be confused with the total momentum used in the main text. These latter expressions follow from contractions of (A.3) and (A.2) in which l 1 , l 2 are replaced by p 1 , p 2 and l is replaced by q, respectively. The expression for Q m,n , which is manifestly symmetric in m and n as expected, was obtained by also making use of the reflection formula for the Gamma functions:
The numerator in (A.4) is given by contracting (A.3) with p
, where k + l = m + n. This yields
In the integral (A.4), all numerator terms that contain l 2 1 or l 2 2 lead to (massless) bubble integrals with a single on-shell momentum, which vanish. Hence, the traceless symmetric products on the r.h.s. of the above expression can be regarded as ordinary products. Moreover, l 1 · l 2 can be replaced by p 1 · p 2 . These changes do not alter the result of the integral, which can thus be expressed as
where we also have inserted l 2 = p 1 + p 2 − l 1 and then expanded the obtained binomial products.
The integral that occurs in the above expression is given by
as explained below. The diagram denotes the standard scalar bubble integral, i.e.
(A.10)
In the case n ≥ 1, the result (A.9) can straightforwardly be obtained by using
for one of the numerator factors and exploiting the fact that the cancellation of l 2 1 in the denominator yields a (massless) bubble integral with a single external on-shell momentum, which hence vanishes. In the special case n = 0 but m ≥ 1, one shifts the loop momentum as l 1 =l 1 + p 1 and expands the power of (l 1 + p 1 ) · p 2 in a binomial series, then
for one of the numerator factors of the resulting integrals. The resulting (massless) bubble integrals are either zero since they depend only on one external on-shell momentum or they can be evaluated using (see e.g. [86] )
(A.11) Finally, also the scalar triangle diagram occurs, in particular for n = m = 0 but also in the binomial expansions. It can be related to the bubble integral via
A resummation of the binomial series yields a result which is in accordance with (A.9) for n = 0. After inserting (A.9) into (A.8), the sums over s and t can be performed, and after also applying the reflection formula (A.6), the expression reads
.
(A.13) Inserting this result and (A.5) into (A.4), we finally obtain for the coefficients in (A.1):
(A.14)
B Remainder densities
In this appendix, we give the remainder densities up to spin three in the notation introduced in (4.28). 
( c i ) 
